Abstract-The self-patch integrals that arise in the integral equations of electromagnetic scattering are evaluated analytically for general orthogonal coordinate systems to first order in the linear size of the patch. There are terms that contain spatial derivatives of the surface fields, and these terms may not be negligible. Although the formuias are derived for transient waves, the same integrals appear for monochromatic waves.
I. INTRODUCTION
HE ELECTROMAGNETIC fields scattered by a homogeneous body can be obtained from tangential fields defined on the surface of the scatterer by integrations. These surface fields obey integral equations which are often solved numerically. To perform the numerical integrations, the surface of the body is divided into patches, and a representative value of the field on the patch is used. The values of these fields are determined by the incident field and the properties of the scatterer.
In the case of a transient field that reaches the body at a time that can be chosen to be t = 0, the integral equation can be solved by a stepping-in-time procedure. This method takes advantage of causality and the fMte speed of propagation of the electromagnetic waves to express the field at a time t in terms of values at earlier times that have already been calculated [ 13 -These integral equations are singular, that is: the kernel has a singularity in the region of integration. The patch where the kernel becomes singular is called the self-patch, and the contribution to the integral from this patch can be computed analytically by expanding the integrand in powers of ,the distance between the field point and the source point. The self-patch integral provides a correction term in an integral equation of the second kind, such as the magnetic field integral equation (MFIE) [2], and it is frequently neglected in actual computations. ' On the other hand, t h i s term is needed to compute the unknown field in an integral equation of the first kind, such as the electric field integral equation (EFIE) [2]. In Section I1 we determine the selfpatch contributions to first order in the linear size of the patch for singular integrals that appear in representative integral equations for electromagnetic scattering. We find the self-patch integrals for arbitrary orthogonal coordinates on the surface, and we expand the fields about the point on the patch where the surface coordinates take their midvalue. Most of the integrals are absolutely integrable, with the exception of one whose highest order contribution vanishes by symmetry, in a manner similar to the principal-value integral of functions of a single variable. We also discuss the behavior of the self-patch integral when the incident wave has a discontinuous wavefront.
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The self-patch contributions to singular integrals have been computed by Bennett [3] and Mieras [4]. They find general expressions for the self-patch integrals in a principal coordinate system. They approximate the self-patch by a circular patch of equal area, and they assume that the fields do not vary over the patch.
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We apply the formulas to the simple case of patches on a sphere in Section 111, and we determine the additional terms needed for the spherical caps at the poles. We also compute some numerical values to compare different terms with each other and with the circular-patch approximation.
We recall some of the formulas and definitions we need from the geometry of surfaces in the Appendix, where we also show how the integrals are calculated.
The same self-patch integrals occur in the steady-state formulation of electromagnetic scattering.
SELF-PATCH INTEGRALS
We now compute the self-patch integrals that arise in some
The MFIE for perfect conductors [2] is typical integral equations found in electromagnetic scattering.
where $: is the known magnetic induction of the incoming field, J,(x', t') is the unknown surface current density at the point ?,n+the surface S of theperfect conductor at the time t' and aJ,(x', at' stands for aJ,(x", t')/at'l t ' = 7 , p o and c are the constant free-space permeability and speed of propagation of light, respectively, and 7 is the retarded time
where R is the distyce+ between the field point and the source point, that is:
In most instances we assume that surface fields such as J, and U s / & are constant over each patch, but here we need their expansion on the self-patch SI. US. Government work not protected by U.S. copyright.
IEEE TRANSACTIONS ON ANTENNAS
The fnst term of the integrand in (1) is less singular than the second term, and it leads to no fust-order contributions to the self-patch integral. The second term is not absolutely integrable and the integral can be computed as a kind of principal value given to fust order by
where ; , , and x', are tangent vectors and $, C2, and C3 are given by (69), (57), and (58), respectively.
The self-patch correction to the computed current is then where we>ave used ( 3 : ) for the surface gradient.3 If the surface is flat, aJ,/au and aJ,/au are tangential vectors and the last two terms vanish. Otherwise, their contributions $epend on the curvature of the surface, the rate of change of J* and the size of the patch, and these terms may not be negligible.
The EFIE for perfect conductors [2] is where 9 ' is the incident electric field, ps is the surface charge density, and eo is the free-space permittivity. We expand ps in a manner similar to (3) and find the self-patch integral
where the dyadic F i s given by (70). We also find + The field p s is not an independent unknown; it is related to J, by conservation of charge,
The contributions to the integrals in (1) and (6) other than the self-patch involve fields at times earlier than t which have been previously computed; this is the basis of the stepping;in;time solution of these integral equations. The quantities F, F, F, C2, and C3 are of first order in the linear size of the patch, so that the self-pa$h integral in the MFIE constitutes a small correction to the J, on the left side of (1). There is no such term on the left side of the EFIE, and the self-patch integrals in (6) have to be taken into account.
There is a further problem with the EFIE when the incident field has a discontinuous wavefront. At the time the wave fust reaches the scatterer, only the self-patch contributes to the integral. The total contribution has to cancel the term i X 3", which is independent of the size of the pa$h. Whsn the linear size of the patch decreases, the factors F, F , and F in (7) and (8) decrease proportionately, and we would have to increase the fields at the center of the patch for the products to remain constant. Physically, these fields cannot depend on the size of the patch. The reason for this apparent contradiction is that p o j s jumps from zero to twice the magnetic field at the time the wave fust reaches the patch; the time derivative i s proportional to a delta function and the self-patch integral is really independent of the patch. The MFE does not show this problem if the self-patch integral is ignored, but derivatives in the correction from the self-patch are also proportional to delta functions. It is best to stay away from discontinuous wavefronts. 
The operator 2 is similar to 3. The self-patch integrals have the same form as those in (4), (7), and (8).
PATCHES ON A SPHERE
As an example, we consider an integration over a sphere. We divide the spherical surface into strips of equal size A0 by circles of constant polar angle 8 , and we divide each strip into patches of width A@ by arcs of constant azimuthal angle Q ; we decrease the number of patches on a strip as we near the poles. Each of the two spherical caps can be left as one patch, or it can be subdivided into triangular patches.
The coordinates of a point on a sphere of radius a are given by
;(e, $1 = a(2 sin 0 cos Q +I: sin e sin Q + , i cos e),
whence we can compute the derivatives of x' and also dS = a' sin 0 dB dQ. 
which permit us to write down the coefficients in the self-patch integrals, such as
The corresponding coefficients for the spherical caps have to
be calculated separately, and in the Appendix we obtain
To get some idea of the size of the terms we have computed, we consider a patch located at 0 = 7r/3, @ = 0 on a sphere of unit radius, and we choose the size of the patch by setting A0 = and we see that the agreement varies from very good for C1 to poor for C4 and c6.
We now use the values in (22) (25) which is the vector that multiplies j , for the self-patch integral in (1). The magnitude of this term is not neghgible compared to one except when the required accuracy is low. We can reduce the magnitude of this vector by increasing the number of patches, since it is effectively inversely prop+orti:nal to the square root of the number of patches. The term F X J , appears in (4) togethzr with other terms proportional to the surface gradient of Js; these terms will be negligible if 5', varies slowly over the sphere, which is not necessarily the case.
IV. CONCLUSION
We have obtained general expressions (4), (7), and (8) for self-patch integrals that appear in the integral equations of electromagnetic scattering.
We have used orthogonal coordinate systems on surfaces of three-dimensional scatterers, but similar results can be obtained for other coordinate systems and for fewer dimensions.
In particular, (4) and (7) show first-order terms that involve spatial derivatives of the surface fields. There is no a priori reason to neglect these terms other than a desire to simplify the numerical solution of the equations. Each such term should be examined in the context of the particular problem under consideration, which may indicate that the fields vary slowly enough across the scatterer to make these terms negligible.
We have kept all fust-order contributions to the self-patch integrals. Some terms cancel for particular integral equations, as seen in (S), but not necessarily in other equations. The success of any method that involves the numerical integration of a singular integral depends on the correct computation of the correction terms, unless they are neghgible. Terms that involve derivatives of the unknown fields are difficult to compute numerically and they interfere with the stepping-in-time procedure. It is possible to compute a fust approximation to a field such as 1, at time t ignoring the self-patch corrections, use these fields to compute the corrections, and then use these corrections to find the new values of the field. This procedure can be iterated. The incorporation of the self-patch corrections in a calculation can increase the accuracy of the results or, by ailowing larger patches, decrease the time required for the computation.
We have also indicated how special care is needed to evaluate the self-patch integrals of the EFIE when the incident wave has a discontinuous front, in which case the derivative in (8) leads to a delta function. Similar contributions may arise from spatial derivatives such as those in (4) and (7).
APPENDIX
In this Appendix, we fist recall some definitions and formulas from the geometry of surfaces, including the curvatures used in [3] . Then we evaluate a number of integrals for rectangular patches, and we also compute those needed for spherical caps.
We assume that the surface S is described by the parametric equations
and we further assume that these coordinates are orthogonal, In these orthogonal coordinates, the surface gradient operator [61 is v, = a-2x'ua/au + fl-2x',a/au.
(30)
To relate these derivatives to the curvature of the surface
[3], we observe that Iri 1 ' = 1 implies that the derivatives Zu and n ' , are tangent to the surface, and from we find , of the patch variables U and 3. We fust consider
nu -x, + n -x,, = nu -x, + n x,, = 0, We change variables to -r; r * ~&.v(x'ux', + l$,)/<a2p2). To do the self-patch integrals, we assume that the field point is fixed at the center of the patch with coordinates uo and vo.
The source point has coordinates u' and u', and we defme the (small) patch variables U and V be setting
The surface element is
where a+' and p' are the values of (Y and at the point x". The vector R =x' -2' is expanded in the power series
whence the square of its magnitude is
where, using the derivatives of (27), we have To fiid other powers of R , we write (43)
where Go = arctan @/a). We define To compute the corresponding integrals on a spherical cap about 8 = 0, we note that ~= a [ -; s i n 8 ' c o s Q ' -j s i n 8 ' s i n Q f +~( 1 -c o s 8 ' ) ] , (71) (63) R~ = 2a2(1 -cose')=a2(e'2 -e'4/12),
We now compute certain integrals over the self-patch S1 in terms of C1 to Cg: that is, up to terms linear in Au or Au. We have cos 9' -$sin 9' + 2 .-- For the cap at 8 = n, it suffices to change the sign of 2.
